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Abstract
Let G be a MAPA group that is metrizable and satisfies Pontryagin duality; that is, it coincides
with its topological bidual. We prove that the Bohr topology of G respects compactness if and only
if every non-totally bounded subset contains an infinite discrete subset which is C∗-embedded in
the Bohr compactification of G. This result is used to characterize the Banach spaces which respect
compactness, or, with a different terminology, have the Schur property (defined below). Among other
equivalent properties, we prove that a Banach space E has the Schur property if and only if every
bounded basic sequence contains an infinite subsequence equivalent to a l1-basis. Ó 1999 Elsevier
Science B.V. All rights reserved.
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1. Introduction
The object of this paper is to study the relationship between the properties of satisfying
Pontryagin duality and respecting compactness for maximally almost periodic Abelian
(MAPA) groups. More precisely, we deal with the problem of characterizing when
compactness is respected by the Bohr topology within the class of groups satisfying
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Pontryagin duality. In connection with this, Remus and Trigos-Arrieta have shown in [15]
that not every MAPA group satisfying Pontryagin duality respects compactness, correcting
a previously existing wrong statement. Nevertheless, it is not clear at all how these two
properties are connected. We make now a first approach to the problem which we expect
to continue in a subsequent paper.
By a MAPA group we mean a maximally almost periodic Abelian group in the sense
of von Neumann; that is, an Abelian group G whose group of continuous characters
Ĝ separates points of G. Every topological Abelian group G can be endowed with an
additional topology, that of pointwise convergence on the elements of Ĝ. When a MAPA
group G is endowed with this topology, it is usually denoted by G+. It then becomes a
totally bounded topological group and, therefore, can be densely embedded in a compact
group (its Weil completion) which is usually called its Bohr compactification and denoted
by bG. Following the terminology introduced by Comfort and Trigos-Arrieta, it is said
that a MAPA group respects compactness if G and G+ share the same compact subsets.
It is a theorem of Glicksberg [10] that every locally compact Abelian group respects
compactness.
When Ĝ is endowed with the compact open topology, it becomes an Abelian topological
group. Repeating this operation, one obtains the bidual group Ĝ .̂ A characteristic
property of MAPA groups is that the evaluation homomorphism τ :G→ Ĝ ̂ is injective.
It will be said that an Abelian group satisfies Pontryagin duality if this mapping is a
topological isomorphism. Thus, the celebrated Pontryagin duality theorem asserts that
every locally compact Abelian group satisfies Pontryagin duality.
Although there are many papers dedicated to study the preservation of compactness in
passing to the Bohr topology for Abelian and non-Abelian groups, in the present paper
we are interested only in those that have some relevance for groups satisfying Pontryagin
duality. Along this line, one of the best results known to the authors can be deduced
from Theorem 1 of [5] and is due to Corson and Glicksberg. The proof of this result is
incomplete as it was noticed by Namioka in [13] who proved a result slightly weaker than
Corson and Glicksberg’s theorem. Hughes [12], however, proved this theorem following an
independent approach. Hughes’s proof never appeared in print but, more recently, Troallic
has proved a stronger result in [20].
All the results mentioned above provide sufficient conditions in order to obtain the
property of respecting compactness. Necessary conditions seem to be more difficult to
obtain. One goal here has been to present necessary and sufficient conditions. Along this
line, we have been able to do it for metrizable groups. For these groups, as it is going to be
shown below, it turns out that the property of respecting compactness is equivalent to the
existence of certain, conveniently placed, discrete and C∗-embedded subsets.
As it has been noticed in the Abstract, this study has been used to obtain a
characterization of the Banach spaces that respect compactness. That is, using a different
terminology, we have characterized the Banach spaces that satisfy the Schur property.
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2. Metrizable groups
In [6] van Douwen proved that, if G is a discrete Abelian group, then every infinite
subset of G+, contains discrete subsets of the same cardinality which are C∗-embedded in
the Bohr compactification of G. Apparently, this result has nothing to do with the property
of respecting compactness but it permits to obtain, again, sufficient conditions as it was
noticed in [8]. Furthermore, it turns out that, for metrizable groups, the property showed
by van Douwen for discrete groups is actually equivalent to the property of respecting
compactness. In general, we do not know whether these two properties are equivalent for
all groups that satisfy Pontryagin duality.
For the proof of our main result in this section, we shall use the following lemma whose
proof is implicit in Rosenthal’s classical theorem characterizing the Banach spaces which
contain an isomorphic copy of l1. Here on, C denotes the set of all complex numbers and
Cp(X,C) is the space of all complex-valued continuous functions on X provided with the
topology of pointwise convergence.
Lemma 2.1 (Rosenthal). Let K be a compact Hausdorff space and consider a sequence
{fn}n<ω in Cp(K,C) containing no subsequence pointwise convergent in CK . Then,
there are an infinite set M ⊆ ω and two disjoint disks in C, I1 and I2, such that for all
subsequences {fn: n ∈ J } of {fn: n ∈M} there is x ∈ K with fn(x) ∈ I1, for all n ∈ J ,
and fn(x) ∈ I2 for all n ∈M \ J .
We say that two subsets A and B in G are separated by characters if there are two
disjoint closed intervals in T, say I0 and I1, and a character χ ∈ Ĝ such that χ(A) ⊆ I0
and χ(B)⊆ I1.
Now the main result of this section follows.
Theorem 2.2. Let G be a metrizable MAPA group satisfying Pontryagin duality. Then the
following assertions are equivalent:
(1) G respects compactness.
(2) Every non-totally bounded subset A of G contains an infinite subset B such that
every subset of B is separated by characters from its complement in B .
(3) Every non-totally bounded subset A of G has an infinite subset B which is discrete
and C∗-embedded in bG.
Proof. First of all it should be noted that, since G satisfies Pontryagin duality, the
metrizability of G implies that Ĝ is σ -compact. That is, there is a countable family of
compact subsets {Kp}p<ω such that Ĝ=⋃p<ω Kp (see [14, Theorem 2.5]).
In order to prove that the third assertion implies the first, consider a subset A ofG which
is compact in G+ and suppose that it is not compact in G. From the compactness of A in
G+, it follows that A is a closed subset of G.
On the other hand, any metrizable Abelian group satisfying Pontryagin duality is
necessarily complete (see [3, Corollary 1]). Hence, the subsetA cannot be totally bounded.
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Alternatively, being G the dual group of Ĝ, there is a neighbourhood base of the identity
consisting of Bohr closed subsets (see [2, Proposition 1.3]). By [7, Corollary 2.1] the
completion of G, say G, is then also maximally almost periodic. Thus, the compactness
of A in G+ implies that A is closed as a subset of G and, therefore, that A is not totally
bounded. Then there can be found a countably infinite subset {xn}n<ω ⊆ A and an open
neighbourhood of the identity U such that
(xn +U)∩ (xm +U)= ∅ for all n 6=m.
By considering the corresponding restrictions, we can regardA as a subset of C(K1,C)
the space of complex valued continuous functions on K1. It is clear that A is also compact
with respect to the topology it receives as a subset of Cp(K1,C). Applying Grothendieck’s
theorem ([11] or [5, Lemma 4]) it follows that A is sequentially compact in that topology.
There is, therefore, a subsequence {x(1)n }n<ω of {xn}n<ω which converges pointwise in K1
to f1 ∈ C(K1,C) ∩ A. Following an inductive argument we can find in this way a family
of subsequences {x(p)n }n<ω of {xn}n<ω such that:
(i) {x(p+1)n }n<ω is a subsequence of {x(p)n }n<ω .
(ii) The sequence {x(p)n }n<ω converges pointwise in K1∪· · ·∪Kp to fp ∈A∩C(K1∪
· · · ∪Kp,C).
It is then clear that (fp+1)|K1∪···∪Kp = fp .
Consider now the subsequence {x(n)n }n<ω . This sequence is convergent to fp in the
topology of pointwise convergence on K1 ∪ · · · ∪ Kp for all p < ω. Define then the
sequence of sets
Ap =
{
f ∈A: f |K1∪···∪Kp = fp
}
.
Every Ap is closed and nonempty and, besides, Ap+1 ⊆ Ap for all p < ω. Since A
is compact, there is f ∈ A such that f ∈⋂p Ap . It is then easily checked that {x(n)n }n<ω
converges pointwise to f on Ĝ. Thus we have that no infinite subset of {x(n)n }n<ω is discrete
and C∗-embedded in bG, but this goes against assertion (3) since, by construction, no
subsequence of {xn}n<ω is totally bounded.
Suppose now that the second assertion holds, i.e., that an infinite subset B can be found
in every non-totally bounded set A ⊆ G such that every subset B1 of B is separated by
characters from its complement B \B1. We prove that the third assertion holds. Take then
an arbitrary element b ∈ B . The subsets {b} and B \ {b} are separated by characters so that
there exist two disjoint closed intervals in T, say I0 and I1, and a continuous character
χ ∈ Ĝ with χ(b) ∈ I0 and χ(B \ {b}) ⊆ I1. Then χ−1(T \ I1) is a neighbourhood of b
in G+ that meets B exactly in the point b. That is, B is discrete in the Bohr topology.
On the other hand, to see that B is C∗-embedded in bG it is enough to prove that every
pair, B0 and B1, of disjoint subsets of B are completely separated in bG, that is, that there
is a continuous real-valued function f ∈ C(bG) such that 0 6 f 6 1, f (B0) = {0} and
f (B1) = {1} (see [9, p. 18]). Since B0 and B1 are separated by characters we can find
S. Hernández et al. / Topology and its Applications 97 (1999) 99–108 103
again two disjoint closed intervals in T, say I0 and I1, and a character χ ∈ Ĝ such that
χ(B0)⊆ I0 and χ(B1)⊆ I1. Let now g :T→R be defined by
g(t)= d(t, I0)
d(t, I0)+ d(t, I1) .
Clearly, g is continuous, 06 g 6 1, g(I0)= {0} and g(I1)= {1}. Since every continuous
character of a group extends continuously to the Bohr compactification of the group, it can
be assumed that χ is defined on bG. That B0 and B1 are completely separated in bG then
follows by taking f = g ◦ χ .
Suppose finally that G respects compactness and consider a subset A of G which is not
totally bounded. Thus we obtain a sequence {xn}n<ω in A and an open neighbourhood of
the identity U in G such that
(xm +U)∩ (xn +U)= ∅ for all n 6=m ∈ ω.
In this setting there must exist an index p such that no subsequence of {xn}n<ω converges
pointwise in C(K1 ∪ · · · ∪ Kp,C). Otherwise, we can argue as above to obtain a
subsequence {x(1)n }n<ω of {xn}n<ω which converges pointwise on Ĝ. In that case the
sequence {x(1)n − x(1)2n }n<ω converges pointwise to the identity element of G, that is,
it converges in the topology of G+. Since G respects compactness, it follows that the
sequence {x(1)n − x(1)2n }n<ω must converge to the identity element of G, in the original
topology of G, contradicting thus our assumptions on the sequence {xn}n<ω . Hence, we
have obtained that the sequence {xn}n<ω has no convergent subsequence in Cp(K1 ∪ · · · ∪
Kp,C) and we are in position to apply Lemma 2.1 to the sequence {xn}n<ω (regarded as
a set of continuous functions on K1 ∪ · · · ∪Kp), to obtain an infinite subset of {xn}n<ω ,
every subset of which is separated by characters from its complement. This finishes the
proof. 2
Following Comfort, Trigos-Arrieta and Wu [4] we say that a MAPA group G
strongly respects compactness if, given a metrizable closed subgroup N of the Bohr
compactification bG and a subset A of G, the subset A + (N ∩ G) is compact in G if
and only if the set A+N is compact in bG. By setting N = {0}, it follows that every group
which strongly respects compactness also respects compactness.
With the aid of the following Lemma, which is proved in [8], and Theorem 2.2, we
obtain a characterization of groups strongly respecting compactness, in the same vein of
the one obtained for the property of respecting compactness.
Lemma 2.3. Let G be a MAPA group, A a subset of G and N subset of bG such that
0 ∈ N and A + N is compact in bG. If F is an arbitrary subset of A, then there exists
A0 ⊆A with |A0|6 |N | such that
clbG F ⊆A0 +N + clG+(F − F).
Corollary 2.4. Let G be a metrizable MAPA group satisfying Pontryagin duality such that
the cardinality of the closure in G+ of each of its separable subgroups is less than 2c.
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Then G strongly respects compactness if and only if G satisfies one (and hence, all) of the
statements in Theorem 2.2.
Proof. Suppose that G satisfies assertion (3) in Theorem 2.2 and consider a subset A of
G and a subset N of bG with |N |< 2c (clearly, this is the case if N is a closed metrizable
subgroup of bG) such that A+N is a compact subset of bG.
If A + (N ∩ G) is not compact in G, it cannot be totally bounded either, since
A + (N ∩ G) is closed in the complete group G. We may then apply assertion (3) in
Theorem 2.2 to obtain a countable infinite subset F of A+ (N ∩G) which is discrete and
C∗-embedded in bG. By Lemma 2.3 we have that
clbG F ⊆A0 +N + clG+(F − F),
where A0 is a subset of G with cardinality
|A0|6 |N |< 2c.
As a consequence, we obtain that
| clbG F |6max
(|N |, clG+(F − F))< 2c.
Since, by assumption, the cardinality of clG+〈F 〉 is less than 2c. A contradiction is now
obtained by noting that clbG F is homeomorphic to βF , the Stone– ˘Cech compactification
of F , whose cardinality is 2c. 2
3. Additive groups of Banach spaces
In [16] Remus and Trigos-Arrieta studied the preservation of compactness in the realm
of additive groups of locally convex spaces. Among other results, they proved that every
Banach space preserving compactness must contain a copy of l1 embedded in it. They
also provided some examples showing how that property is not equivalent to preservation
of compactness. Along this line, the authors proposed the problem of characterizing
the preservation of compactness for the additive groups of Banach spaces. Since the
weak topology and the Bohr topology of a Banach space share the same collection of
compact subsets (see [15]), this problem is equivalent to characterize the Banach spaces
whose weakly compact subsets are norm compact. By the Eberlein Smulian theorem, it is
enough to characterize the Banach spaces whose weakly convergent sequences are norm
convergent. Since a Banach spaceE is said to have the Schur property if weakly convergent
sequences are norm convergent, it follows that the problem stated by Remus and Trigos-
Arrieta is actually equivalent to characterize Schur (Banach) spaces by means of the Bohr
topology.
Next we apply the ideas developed in the previous section to give a solution to Remus
and Trigos-Arrieta problem. In order to do it, we need the following definitions.
Let E be a Banach space. A sequence {xn}n<ω is called a Schauder basis for E
if for every x ∈ E there exists a unique sequence {αn}n<ω of scalars such that x =
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limn
∑n
k=1 αkxk . A basic sequence in E is a sequence {xn}n<ω that is a Schauder basis
for its closed linear span (see [18]).
Lemma 3.1. Let E be a locally convex space and F a closed subspace of E. Then
ClE+ F = F+, hence ClbE F = bF .
Proof. (Sketch) An application of the Hahn–Banach theorem, and [19, Lemma 1] show
that F is dually closed and dually embedded in E (see [14, §3] to see the definitions of
dually closed and dually embedded). 2
Theorem 3.2. Let E be the additive group of an infinite dimensional Banach space, then
the following conditions are equivalent:
(1) E respects compactness.
(2) E strongly respects compactness.
(3) For every non-totally bounded sequence {xn}n<ω in E there is a subsequence
{xnk }k<ω such that every subset of it is separated by characters from its complement
in {xnk }k<ω.
(4) For every non-totally bounded sequence {xn}n<ω in E there is a subsequence
{xnk }k<ω which is C∗-embedded in bE.
(5) For every bounded non-totally bounded sequence {xn}n<ω in E there is a
subsequence {xnk }k<ω which is equivalent to the usual l1-basis (hence, l1 ↪→E).
(6) Every weakly compact subset of E is compact in the norm topology.
(7) For every basic sequence {xn}n<ω in E, satisfying that 0 < inf‖xn‖ 6 sup‖xn‖ <
∞, there is a subsequence {xnk }k<ω which is equivalent to the usual l1-basis.
In particular, an infinite-dimensional Banach space satisfying any one of the above
conditions is not reflexive.
Proof. Every separable subgroup H of a Banach space E is contained in a separable
Banach subspace of E. Since every Banach space is metrizable and satisfies Pontryagin
duality [19, Theorem 1]; and the cardinality of every separable Banach space is exactly c
the equivalence among (1)–(4) follows from Theorem 2.2, Corollary 2.4 and Lemma 3.1.
(6) ⇒ (5) Let {xn}n<ω be a bounded non-totally bounded sequence in E. Taking a
suitable subsequence of {xn}n<ω if it were necessary, there is no loss of generality in
assuming that a positive real number r can be found in such a way that ‖xn − xm‖> r for
all n 6= m. We claim that {xn}n<ω cannot have a weakly Cauchy subsequence. Indeed, if
{x1n}n<ω is a weakly Cauchy subsequence, then {x1n− x12n}n<ω converges weakly to zero in
E, then assertion (6) implies that {x1n−x12n}n<ω converges to 0 in E. But this is impossible
because of our assumption on {xn}n<ω .
Thus, we can apply Rosenthal characterization of spaces containing l1 [17] to deduce
that {xn}n<ω must contain a subsequence equivalent to the usual l1-basis.
(5) ⇒ (2) Let N be a closed subgroup of bE with |N | < 2c (this happens when N is
metrizable) and consider a subset A of G such that the set A+N is compact in bE. Let
us suppose that A+ (N ∩E) is not compact in E. If A+ (N ∩E) is bounded in E, then
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we can extract from it a bounded non-totally-bounded sequence {xn}n<ω . By (5) there is
a subsequence {x1n}n<ω, which is equivalent to a l1-basis. The Banach space generated
by {x1n}n<ω is isomorphic to l1. We denote the sequence {x1n}n<ω by {en}n<ω . Since l1 is
embedded isomorphically in E, by Lemma 3.1 (l1)+ is a closed subgroup of E+, and bl1
coincides with clbE(lin{en}n<ω). Hence, from Lemma 2.3, we know that∣∣clbl1 ({en}n<ω)∣∣= ∣∣clbE ({en}n<ω)∣∣6max (|l1|, |N |)< 2c. (∗)
On the other hand, for every subsequence {enk }k<ω of {en}n<ω , we can take an element
ϕ of l∞, the dual of l1, which sends the elements of {enk }k<ω to zero and those of
{en} \ {enk } to 12 . The mapping e2pi iϕ is then a character separating {enk }k<ω from
its complement in the sequence. Thus {en} is discrete and C∗-embedded in bl1. That
is, clbl1({en}n<ω) is homeomorphic to the Stone– ˇCech compactification of the natural
numbers, contradicting (∗).
Finally, if A+ (N ∩ E) is not bounded, since the usual boundedness of E (i.e., norm-
boundedness) is separated in the sense of [8], we can apply Lemma 4.1 of [8] to obtain a
sequence {xn}n<ω ⊆ A+ (N ∩E) which is discrete and C∗-embedded in bE. Again, we
reach a contradiction by applying Lemma 2.3 in the same way we did for the l1-basis. This
completes the proof.
(1)⇒ (6) This follows from the fact that the weak topology of a Banach space is placed
between the Bohr topology and the norm topology [15, (1.2)].
(5) ⇒ (7) Let {xn}n<ω be a basic sequence in E satisfying that 0 < inf‖xn‖ 6
sup‖xn‖<∞. By [18, Theorem 1.3, p. 53], one of the following two conditions holds:
(i) the sequence {xn}n<ω is weakly convergent to zero;
(ii) the set {xn}n<ω is not relatively weakly compact.
Suppose that (i) is satisfied. Then the set {xn}n<ω cannot be totally bounded in the norm
topology. Otherwise, there would be a norm convergent subsequence to 0 because of (i).
But that would contradict the choice of {xn}n<ω . Now apply (5) to {xn}n<ω .
Hence, we may assume that {xn}n<ω is not relatively weakly compact. Thus {xn}n<ω
cannot be relatively norm compact either. Otherwise, the closure of {xn}n<ω in the norm
topology would be compact and, therefore, weakly compact what contradicts (ii).
Since E is a Banach space, {xn}n<ω cannot be a totally bounded subset of E. Now
apply (5).
(7) ⇒ (5) Let {xn}n<ω be a bounded non-totally bounded sequence in E. Again,
there is no loss of generality in assuming that ‖xn − xm‖ > r for all n 6= m and some
positive real number r . That is, the sequence {xn}n<ω contains no convergent subsequence
and, therefore, 0 < inf‖xn‖ 6 sup‖xn‖ <∞. If the set {xn}n<ω is not relatively weakly
compact, then Theorem 1.3, p. 53 of [18] applies to obtain a subsequence {x(1)n }n<ω which
is a basic sequence in E. Applying (7) we are done.
So, in order to finish the proof, it is enough to show how the assumption that the set
{xn}n<ω is relatively weakly compact implies a contradiction. Indeed, by the Eberlein–
Smulian theorem, the sequence {xn}n<ω must contain a weakly convergent subsequence
{x(1)n }n<ω. Denote by x0 its weak limit. We have that {x0 − x(1)n }n<ω is weakly convergent
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to zero and, by our assumption on the sequence {xn}n<ω , it also holds that 0 < inf‖x0 −
x
(1)
n ‖6 sup‖x0 − x(1)n ‖<∞.
From Theorem 1.3, p. 53 of [18], it follows that there is a subsequence, {x0 − x(2)n }n<ω ,
which is a basic sequence. By (7), this subsequence must contain another one, say {x0 −
x
(3)
n }n<ω , equivalent to the usual l1-basis. However this is impossible since {x0− x(3)n }n<ω
is weakly convergent to zero. This completes the proof.
We have proved that conditions (1)–(7) are pairwise equivalent. Thus the last part of the
theorem follows from (1) and [15, (1.6)]. 2
Remark 3.3. In connection with condition (7) in theorem above, perhaps it could be
interesting to note that J. Bourgain proved the existence of Banach spaces failing the Schur
property but with all of their closed subspaces containing a copy of l1 (see MR 87f:46030).
Later, Azimi and Hagler gave an example [1] with an explicit construction of the l1-basis
inside the subspaces.
We conclude by showing a witness example related to Theorem 3.2.
Example 3.4. It is known that the space l∞ does not respect compactness in spite of
containing a copy of l1 (see [16]). Let us see how Theorem 3.2 can help to understand
what exactly fails for this example.
Consider the sequence (of sequences)
e1 = (1,0,0, . . .)
e2 = (0,1,0, . . .)
. . .
en = (0, . . . ,1, . . .)
. . .
Then {en}n<ω is a basic sequence whose closed linear span is c0, the space of all
sequences converging to 0.
The dual space of c0 is l1 which is separable, and the dual space of l1 is l∞, a non
separable space. It is clear then that c0 cannot contain embedded any copy of l1. That is
assertion (7) of Theorem 3.2 is not satisfied.
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